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Hacrosimast crarbst IOCBSIIEHA HEKOTOPHIM aJalTUBHBIM METOAAM IEPBOTO IMOPSIKA IS ONTUMU3ALMOHHBIX 3a/1a4
C OTHOCHUTEIBHO CHJIBHO BBIMYKJIBIMH (yHKIMOHAIaMH. HelaBHO BO3HUKIIIEE B ONTUMH3ALMH OHSATHE OTHOCHTEIIBHOM CHIIb-
HOM BBITYKJIOCTH CYIIECTBEHHO PACHIMPSCT KJIACC BBITYKIIBIX 331ad IIOCPEICTBOM 3aMEHBI B ONPE/ICIICHIH €BKINIOBOM HOP-
MBI PaccTOsSHHEM B Oosee o0mieM cMbicie (TOYHee — PAcXOXICHHEM WM AuBepreHimeil bpermana). BakHas ocoOeHHOCTH
paccMaTpuBaeMbIX B HacTosIIell paboTe KIaccoB 3ajad — 000OMIeHNe CTaHJapTHBIX TPeOOBAaHMII K YPOBHIO TNIAJKOCTH Iie-
JeBbIX (yHKIHOHATIOB. ToYHEe TOBOPS, PAcCCMaTPHBAIOTCS OTHOCHTENBHO IIIAJKHE U OTHOCHTEINIBHO JIMIIIIHIECBBIC IIECICBbIC
(yHKIHOHAIBL. DTO MOXET [O3BOJUTH IPUMEHSTH PAaCCMaTPUBAEMYIO METOAMKY JUISl PELICHHs MHOTHX NPUKJIAIHBIX 3a]1ad,
Cpean KOTOPBIX MOXKHO BBIJCNHUTH 337a4y O HAXOXJICHHHU OOLICH TOYKM CHCTEMBI SJUIMIICOMIOB, a TAKXKE 3a/a4y OMHAPHOIL
KIaccH(UKalMU ¢ MOMOIIBIO METOJa ONOPHBIX BEKTOPOB. Ecim 1eneBoil GyHKIMOHAT MUHUMH3ALMOHHON 3a1a4M BBIYK-
JIBIH, TO yCIIOBHE OTHOCHTEIBHON CHIIBHOH BBIMYKJIOCTH MOKHO ITOJIYyYHUThH IIOCPEACTBOM peryisipusanuu. B mpemiaraemoit
paboTe BIIEPBBIC NPEIIOKCHBI AJANTUBHBIC METO/BI I'PAAMCHTHOTO THIA UL 3a[a4 ONTUMH3ALMH C OTHOCHUTENIBHO CHIIb-
HO BBITYKJIBIMA U OTHOCHUTENIBHO JIMIIIHMIEBEIMU (yHKIMOHATamMu. Jlanee, B cTarbe MPEUIOKEHBl YHUBEPCAIBHBIE METOIBI
JUISL OTHOCHTEIIBHO CHIJIBHO BBIMYKJIBIX 3a/1a4 ONTUMH3ALMK. YKa3aHHAs METOJMKA OCHOBAHA HAa BBEJCHHH HMCKYCCTBEHHOM
HETOYHOCTH B ONTHMHU3AIMOHHYIO MOJENb. DTO MO3BOIMIO 000CHOBAaTh NPHMEHUMOCTh IPEIJIOKEHHBIX METOIOB Ha KJlac-
Ce OTHOCHUTEJIBHO IIJIKUX, TaK U Ha KJIACCE OTHOCUTEIBHO JIMIIIUIEBLIX (yHKIHOHAIOB. IIpH 3TOM IOKa3aHO, KK MOXHO
peann3oBaTh OJHOBPEMEHHO aJalTHBHYIO HACTPONKY Ha 3HAUCHUS MapaMeTPOB, COOTBETCTBYIONIMX KaK IVIAJKOCTH 3ajadH,
TaK ¥ BBCJCHHOI B ONTHMM3ALHOHHYIO MOJE/Ib HCKYCCTBEHHOH HETOUHOCTH. Bolee Toro, okasaHa ONTHMAJIBHOCTD OLCHOK
CJIO)KHOCTH C TOYHOCTBIO JI0 YMHOKEHHMSI Ha KOHCTAaHTY JUISI PACCMOTPEHHBIX B PaboTe YHHBEPCAJIBHBIX METOJOB I'Da/IUEHT-
HOTO THIIA Ul 000MX KJIACCOB OTHOCHTEIBHO CHIIBHO BBITYKIJIBIX 3a7ad. Taroke B CTAaThe JUIS 3a/1a4 BBITYKJIOTO MPOrpaMMHU-
POBaHMSI C OTHOCUTENIBFHO JIMIIIMIEBEIMY (DYHKIOHAIAMHA 000CHOBaHA BO3MOXKHOCTh HCIIOIB30BAHMS CHEIHAIBEHON CXEMbI
PECTapTOB AIrOPUTMA 3€PKaJbHOIO CIIyCKa M J0Ka3aHa ONTHMAJIbHAs OLICHKA CIOKHOCTH TAKOrO alropuT™a. Takke MpUBO-
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The article is devoted to first-order adaptive methods for optimization problems with relatively strongly convex
functionals. The concept of relatively strong convexity significantly extends the classical concept of convexity by replacing
the Euclidean norm in the definition by the distance in a more general sense (more precisely, by Bregman’s divergence). An
important feature of the considered classes of problems is the reduced requirements concerting the level of smoothness of
objective functionals. More precisely, we consider relatively smooth and relatively Lipschitz-continuous objective functionals,
which allows us to apply the proposed techniques for solving many applied problems, such as the intersection of the ellipsoids
problem (IEP), the Support Vector Machine (SVM) for a binary classification problem, etc. If the objective functional is
convex, the condition of relatively strong convexity can be satisfied using the problem regularization. In this work, we
propose adaptive gradient-type methods for optimization problems with relatively strongly convex and relatively Lipschitz-
continuous functionals for the first time. Further, we propose universal methods for relatively strongly convex optimization
problems. This technique is based on introducing an artificial inaccuracy into the optimization model, so the proposed
methods can be applied both to the case of relatively smooth and relatively Lipschitz-continuous functionals. Additionally,
we demonstrate the optimality of the proposed universal gradient-type methods up to the multiplication by a constant for both
classes of relatively strongly convex problems. Also, we show how to apply the technique of restarts of the mirror descent
algorithm to solve relatively Lipschitz-continuous optimization problems. Moreover, we prove the optimal estimate of the
rate of convergence of such a technique. Also, we present the results of numerical experiments to compare the performance
of the proposed methods.
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1. Introduction

Gradient-type numerical methods are often used for a wide variety of convex optimization
problems in high-dimensional spaces. It can be explained by the low memory consumption at
iterations, as well as the possibility of substantiating acceptable convergence rate estimates that do not
contain (unlike, for example, the cutting hyperplane methods) space dimension parameters. However,
some assumptions about the functional properties of such problems (smoothness, Lipschitz property,
strong convexity, etc) are essential. For example, several years ago, there was introduced a class
of relatively smooth convex optimization problems for which the convergence estimates for non-
accelerated gradient-type methods are optimal up to the multiplication by a constant, which does
not depend on the dimension and parameters of the method (see [Bauschke, Bolte, Teboulle, 2017;
Dragomir et al., 2021; Dragomir, 2021; Lu, Freund, Nesterov, 2018] and their references). The concept
of relatively strong convexity of a function is introduced in [Lu, Freund, Nesterov, 2018]. So, the class
of convex optimization problems was extended for which the linear rate of convergence of gradient-
type methods takes place (convergence with the rate of the geometric progression). Moreover, the
corresponding estimate does not contain parameters of the dimension of the problem. In this paper,
we develop this approach and introduce some algorithms for relatively strongly convex optimization
problems. Recall that the relatively strong convexity [Lu, Freund, Nesterov, 2018] of a function f
generalizes the concept of ordinary strong convexity by replacing in the following inequality (Q is the
domain of f)

£+ (VE@), y— x) + %nx B <fO) VYxyeQ, (1)

the term %Hx - y||% by the Bregman divergence (see (2)), which is generated by some convex (not
necessarily strongly convex) prox function

J) + V), y = x) +uV(y, ) < f() Vx,ye Q. 2

The article consists of the introduction, conclusion, and six main sections. In Section 2, we give
some auxiliary definitions and notations. Section 3 is devoted to the proposed adaptive algorithms
for relatively strongly convex and relatively Lipschitz-continuous optimization problems. Note that
the approach is somewhat reminiscent of universal gradient methods associated with the idea of
introducing an artificial inaccuracy into the optimization model in order to apply the method to both
smooth and nonsmooth cases [Nesterov, 2015]. Nevertheless, there is also a significant difference —
no need to use the value of the objective function in the stopping criteria from iterations. In Section 4,
we propose universal algorithms for relatively strongly convex minimization problems, applicable
to both relatively smooth and relatively Lipschitz-continuous problems. It is also shown that these
methods lead to optimal complexity estimates for both classes of problems and adaptively select the
smoothness class itself. In Section 5, we introduce a corresponding variation of the proposed method
with an analogue of the (6, L, u)-oracle [Devolder, Glineur, Nesterov, 2013], which makes it possible
to apply the proposed approach in the case where we know only inaccurate information about the
objective function. Moreover, it is shown that such inaccuracies do not accumulate in convergence rate
estimates. In Section 6, we consider convex programming problems with relatively strongly convex and
relatively Lipschitz-continuous objective and functional constraints. For such problems, we propose the
restarted technique of the mirror descent method with switchings between productive and nonproductive
steps. We show that such a structure guarantees an optimal estimate of the convergence rate for the
corresponding class of problems. Section 7 is devoted to numerical experiments for the problem of
minimizing a relatively strongly convex functional in order to compare the proposed approaches and
illustrate the effectiveness of the obtained theoretical estimates with adaptively selected parameters.

Summing up, the contribution of this paper is as follows.
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e We propose adaptive methods for relatively strongly convex and relatively Lipschitz-continuous
problems and investigate their theoretical estimates of the convergence rate.

e We also introduce adaptive methods for relatively Lipschitz-continuous and relatively strongly
convex problems with functional constraints.

e We propose universal methods for relatively strongly convex problems for the case of both
relatively smooth and relatively Lipschitz-continuous objectives.

e We introduce the definition of an analogue of the (8, L, u)-oracle and propose the corresponding
numerical algorithms for solving problems with such a class of smoothness.

2. Basic definitions and notations

In this paper, we consider the following optimization problem:

1;23 f(x) (3)

for a convex objective f and a closed convex set O C R". Let us give some basic definitions and
notations concerning Bregman divergence and the prox structure, which will be used throughout the
paper. Let (E, ||-]|) be some normed finite-dimensional vector space and E* be its conjugate space with
the norm

Il = max{(y, x), [lxll < 1,

where (y, x) is the value of the continuous linear functional y at x € E.

Let d: Q — R be a non-negative distance generating function (d.g.f) which is continuously
differentiable and convex. Assume that miél d(x) = d(0) and suppose that there exists a constant ©, > 0,
Xe

such that d(x,) < G)(z), where x, is a solution of the problem (3) (supposing that the problem (3) is
solvable). Note that, if there is a set of optimal points X, C Q, we assume that mi}r{l d(x,) < @%.
x,€X,

For all x, y € Q C E, we consider the corresponding Bregman divergence

V(y, x) = d(y) —d(x) = (Vd(x), y — x). “

This article is devoted to adaptive methods for relatively strongly convex problems with the
following condition of the relatively Lipschitz-continuity (also known as relative continuity or M-rela-
tively Lipschitz-continuity), proposed recently in [Lu, 2019; Nesterov, 2019b]

(Vf(x),y=x)y+ M~+2V(y, x) 20 Vx,ye . 5)

MZ
&

Let us note that for each € > 0, L = and ¢ = 5 the inequality

(Vfx),y—-x)+LVy, x)+06=>0 Vx,yeQ (6)

follows from (5).
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Algorithm 1. Adaptive Algorithm for relatively Lipschitz-continuous optimization problems

Require: &> 0, x,, L, > 0, R s.t. V(x,, x)) < R?

1: Setk=k+1, L
2: Find

K+l 2 .
Xy = A gggKVf(xk), x)+ Ly Vx, x)) (7)

3: if
(3)

E
0<(Vf(x)s Xy —x) + Ly Vg, X)) + 3

then go to the next iteration (item 1).
4: else
set L,,, =2-L,,, and go to item 2.

5: end if

3. Adaptive algorithms for Relatively Lipschitz-continuous convex
optimization problems

In this section, we present two algorithms that implement the adaptive adjustment of the
parameter L from (6). In addition, Algorithm 2 has an adaptive setting for both L and the artificial
inaccuracy parameter 6, which can potentially improve the quality of the output solution.

Theorem 1. Let f be a relatively strongly convex functional (2) and L, > u for each 0 <i < N.
Then after the stopping of Algorithm 1, the following inequality holds:

min_f(x,) — f(x.) < min{max{0; LNﬂ(l - ) , V(x,. xg) + = 9)
i=0,N-1 L, Ny 2
Moreover; if f is M-relatively Lipschitz-continuous, then the estimate min _f(x;) — f(x,) < & holds
i=0, N—1
after no more than

M?> 1

N = 0(— log —) (10)
ue e

iterations of Algorithm 1.

The proof of Theorem 1 is given in Appendix A.
The following theorem describes the properties of Algorithm 2.

Theorem 2. Let f be a relatively strongly convex functional (2) and L, > u for each 0 <i < N.
Then after the stopping of Algorithm 2, the following inequality holds:

min_f(x,) - f(x.) < Ly ]—[ (1 - —) Vi x0)+ = Z - (13)
i=0, N—1 N -1 ,
N —
where q; = [] (1 - ﬁ) Jor each i < N, qy = 1 and S, Z . Moreover, if f is M-relatively
n=i+1
Lipschitz-continuous, then the estimate min_f(x,) — f(x,) < & holds after no more then
i=0, N—1
M* 1
N = 0(— log ) (14)
ue

iterations of Algorithm 2.
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Algorithm 2. Adaptation to inexactness for relatively Lipschitz-continuous optimization problems

Require: ¢ > 0, Xo» Ly > 0, 6, > 0, R s.t. V(x,, Xy) < R2.

L 19
I Setk=k+1, L, =~,6, =~
2: Find
Xy = A ggg{Wf(xk), x)+ Ly Vx, x)) (11)

3: if

0 <(Vf(x), Xy =50+ L V(X X))+ 6,1 (12)

then go to the next iteration (item 1).
4: else
set L, =2-L,.{, 6,,4 =2-6,,, and go to item 2.

5: end if

The proof of Theorem 2 is given in Appendix B.

REMARK 1. For M-relatively Lipschitz-continuous f and L,,, > L = M s

> 0, =0 =5 we have (12).
So, for C = max{i—ﬁ; g—j}, L, <CLand§,,, <C§=% Yk > 0. Thus, i=ror,11ivn—1f(xi) - f(x,) < e after (14)

iterations of Algorithm 2. This fact, in essence, substantiates the optimality of the proposed method for the class
of optimization problems with relatively strongly convex and relatively Lipschitz-continuous functions.

4. Universal gradient-type methods for relatively strongly convex functions

Let us note that in the previous section we justified the applicability and optimality of
Algorithms 1 and 2 only for the class of relatively Lipschitz-continuous problems. Now we consider
universal variants of these methods, which are applicable to both relatively Lipschitz-continuous and
relatively smooth problems.

Algorithm 3. Universal method for relatively smooth and Lipschitz-continuous optimization problems
with adaptation to inexactness

Require: &> 0, x,, L, >0, 6, >0, Rs.t. V(x,, x)) < R2.

I Sethk=k+1,L,, =206, =%
2: Find
Xyl = AL I)giél{Wf(xk), x)+ L V(x, x)) (15)

3. If

J) < ) + V() Xy = X0 + Ly | Vg %) + 0y (16)

then go to the next iteration (item 1).
4: else
set L, ., =2-L;,. ., 6,y =2-6,,, and go to item 2.

5: end if

Theorem 3. Let f be a relatively u-strongly convex functional (2) and L, > u for
each 0 < i < N. Then after the stopping of Algorithm 3, the following inequality holds:

N N
. H 1 0,9
min f(x.) — f(x,) <L (1 - —) Vix,, x,) + — —_—, (17)
=LV ! !:1[ L TSy ; L
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N —
where q, = [] (1 - Lﬁ) Jor each i < N, qy = 1 and S Z 4 Moreover, if f is M-relatively
n=i+l1 "
Lipschitz-continuous, then the estimate min f(x,) — f(x,) < & holds aﬁer no more than
i=T,N

M* 1
N=0|—Iog -
ue g

iterations of Algorithm 3.

The proof of Theorem 3 is given in Appendix C.

The optimality of Algorithm 3 for the class of relatively strongly convex and M-relatively
Lipschitz-continuous problems can be proved similarly to Remark 1. The optimal rate of
convergence O(loge™") for the class of relatively strongly convex and L-relatively smooth problems
takes place for Algorithm 3, as L does not depend on &.

Let us now formulate a variant of the universal method for relatively Lipschitz-continuous and
relatively smooth problems, which makes it possible to prove the guaranteed preservation of the optimal
complexity estimates. This method is listed as Algorithm 4 below.

Algorithm 4. Universal method for relatively smooth and Lipschitz-continuous optimization problems

Require' e>0,x,, Ly >0, Rs.t. V(x,, x,) <R?

c Setk=k+1,L, , =+
2: Find
X = arg gggKVf(xk), x)+ L Vix, xp) (18)
3: If
3e

J ) < SO + (V) Xy = X + Ly | Vs X +

then go to the next iteration (item 1).
4: else

T (19)

set L,,, =2-L,,, and go to item 2.

5: end if

Theorem 4. Let f be a relatively strongly convex functional (2) and L, > u for each 0 <i < N.
Then after the stopping of Algorithm 4, the following inequality holds:

V(x,, xp) + 34—8 (20)

2\
)

i=1,N 1

L
i=1

min f(x;) — f(x,) < min max{O LNH( )},

Moreover, if f is M-relatively Lipschitz-continuous, then the estimate min f(x,) — f(x,) < & holds after

i=I,N
M* 1
N = 0(— log —)
ue g

no more than

iterations of Algorithm 4.

The proof of Theorem 4 is given in Appendix D.
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REMARK 2. Note that for relatively smooth f Algorithm 4 has the linear rate of convergence. Indeed,
for L,,, > L, (19) holds. So, L, < 2L, Yk > 0. Therefore, the following inequalities hold:

LNﬁ(l - —i) 2L(1 - 2”‘—L)N

i=1

N N
7 7 &
max<0; Ly (1 - —)} V(x,, xp) < 2LV(x,, xo)(l - —) < -
{ 11:1[ L. 2L 4

L

and

Thus, the estimate

min f(x;) - f(x,) <&

i=1,N

holds after no more than .
=0 (log —) (21)
e
iterations of Algorithm 4.

5. Variant of inexact oracle for relatively strongly convex problems

In the previous section, we presented universal methods applicable to both relatively Lipschitz-
continuous and relatively smooth problems. However, the disadvantage of such approaches is the
need to know the value of the objective function at the current point. In this section, we consider
a generalization of this technique to problems which allow using an inexact oracle. Thus, we can solve
optimization problems without complete knowledge about the objective function or even its gradient.

Definition 1. Let f be a functional defined on a convex set Q in a normed finite-dimensional
vector space E. We will say that f is equipped with a first-order (6, L, V, u)-oracle if for any x € Q we
can compute a pair (f5(x), g4(x)) € R X E* such that

LV, x) < f) = (f5(x) +(g5(x), y = x)) S LV(y, x) +6, (22)

for all x € Q, where 6 > 0 and L > u > 0.

In particular, if f;(x) = f(x) and gs(x) = Vf(x), then (22) is the condition of relatively strong
convexity of f (2). Let us note that y = x means that for any x € Q the following statement holds f;(x) €

€ [f(x) = 6; f(0)].

For Algorithm 5, we have the following result.

Theorem S. Let f be equipped with a first-order (0, L, V, u)-oracle (22) and L, > u > 0 for
each 0 < i< N. Then, after the stopping of Algorithm 5, the following inequality holds:

. q; 6,9,
min () = f(x.) < Ly I_[ (1 - —) Vi %)+ = 5. Z 175 Zl T (25)
N - N
where g, = ] (I—Lﬁ)foreachi<N, gy=1land S, =3 .
n=i+1 g =11
Moreover, if 6 = 0 and f is M-relatively Lipschitz-continuous, then the estimate min f(x,) —
i=T,N
— f(x,) < € holds after no more than
M* 1
N=0|— log
ue

iterations of Algorithm 5.
The proof of Theorem 5 is given in Appendix E.
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Algorithm 5. Universal method for (6, L, V, u)-oracle for relatively strongly convex optimization
problems with adaptation to inexactness

Require: ¢ > 0, Xo» Ly > 0, 6, > 0, R s.t. V(x,, Xy) < R2.

. — _Lk _6/(
1: Setk—k+1,Lk+1 = 7’6k+1 =9

2: Find
X, = arg IgiélKgé(xk), xy+ L, V(x, x)}. (23)

3. If

FsOoe) < Sf5(x) + €8sy Xy = X + Ly | Vs ) + 04y (24)

then go to the next iteration (item 1).
4: else
set Ly, =2-L; , 64,1 =20, and go to item 2.

5: end if

6. Restarted procedures for relatively strongly convex programming
problems

In this section, we consider the following optimization problem with a functional constraint:

néig f(x) (26)
s.t. g(x) <0, (27)

under the assumption that f and g are relatively strongly convex and M P M, are relatively Lipschitz-
continuous functionals and the Slaiter’s condition holds for (26)—(27).

In order to solve the problem (26)—(27) we apply the restarted technique to the mirror descent
algorithm (see Algorithm 6, below). The proposed restarted version of Algorithm 6 is listed as
Algorithm 7 below. A distinctive feature of this section is that we consider the optimization problem
with the functional constraint and avoid a logarithmic factor in the estimation of the complexity.

Theorem 6. Let [ and g be relatively strongly convex functions, x, be a solution of the
problem (26)—(27) and M = max{M /- M,}. Then Algorithm 7 provides an &-solution

fx) = fx) <& gx,)<e

of the probzlem (26)—(27). Moreover, the total number of iterations of Algorithm 6 will not
exceed 0(1;[—8 )

The proof of Theorem 6 is given in Appendix F.
7. Numerical experiments for relatively strongly convex functionals

In this section we consider some numerical experiments in order to solve the problem (3) with
a relatively p-strongly convex objective function. We consider the following objective:

1 1 1 —
f@%=jwﬂﬁ+jmx—mﬁ+?wx—wi (28)

where B, A, C € R"™" and b, b e R
Let 0 > 0 and o, > 0 denote the smallest singular values of B and C, respectively. The
objective function (28) is M-smooth and u-strongly convex with respect to the following prox function:

1 1
d(x) := ZlIxll3 + Sl (29)
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Algorithm 6. Mirror descent for relatively Lipschitz-continuous functions (Algorithm 3, [Titov et al.,
2020])

Require: &> 0, M, >0, M, > 0,0, >0s.t. V(x", x) < e;.
. I1=2,J=92,N=0.
2: repeat
3:  if g(x,) < € then

4 h = Mi]%

5: Xyy1 = Mirr,  (xy, V), «productive step»
6: I =1U{N}.

7:  else

8: hé = %,

Mg .

9: Xy = Mirr,(xy, Vg), «nonproductive step»
10: J=JU{N
11 end if
12: N=N+ 1

. until 220 < 1, 11
13: until 2 S v + Tk

s T= L
Ensure: x = i 2 X
kel

Algorithm 7. Restarted procedure for Algorithm 6

Require: &> 0, M, >0, My >0, u>0,Q>0s.t d() <, xp, Ry s.t. Vxg, x) < Rg.

) =d (T2 p =1
2: repeat
: 2 _ p2. - — . R2
33 SetR,=R;-27P, &, =puR;,.
4. Set x, as the output of Algorithm 6, with accuracy &, prox-function dp_l(-) and % as ®(2).

50 dy(x) = d(x;—j”).

6: p=p+1.
2
7: until p > log, %
Ensure: x,.

4
where M = 3||B||* +3||A[I* +6llAIP 1151l + 3IIAI*Ib]I5 +|CII* and y = min {%B, ag} [Lu, Freund, Nesterov,
2018] (the norm of the matrices is taken with respect to the ¢, (spectral) norm).

Each iteration of Algorithms 1, 2, 3, and 4 requires the capability to solve the subproblem (7)
(which is the same as (11), (15), and (18)). This subproblem is equivalent to the following linearized
problem:

X, = arg miélKCk’ x) + d(x)}, (30)

where ¢, = LLV f(x,)—Vd(x,) and d(x) is given in (29). The solution of this subproblem can be found
k+1
explicitly
Yes1 = O GD
for some 6, > 0, where 6, is a positive real root of the following cubic equation:

1-60-llc,lI36° = 0. (32)
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We run Algorithms 1, 2, 3, and 4 with the prox function (29) and the starting

point (%, R %) € R". The matrices A, B, C and vectors b, b are chosen randomly from the
normal (Gaussian) distribution. We also take L, = V1,0, ""0>_‘7‘§f(0’ LO ""0)”2, 0,=0,5,&£=0,01, and Q

as the unit ball.

The results of the work of Algorithms 1, 2, 3, and 4 are presented in Table 1, for n = 1000 and
different numbers of iterations k. These results demonstrate the running time in seconds as a function
of the number of iterations, and the quality of the solution «Estimatey», which is the right-hand side
of inequality (20) for Algorithm 4 and for Algorithm 1, but with £ instead of %Ts. For the estimate of
Algorithms 2 and 3 see the right-hand side of inequality (26) in [Stonyakin et al., 2021b]

Table 1. The results of Algorithms 1, 2, 3 and 4 for the relatively strongly convex function (28), with n = 1000

X Algorithm 1 Algorithm 2
Time (s) Estimate Time (s) | Estimate
10000 95,355 1303048,197941 | 107,331 | 7,646420
15000 143,265 | 1302121,012456 | 149,001 | 4,380504
20000 191,214 | 1301025,001257 | 192,637 | 3,071235
25000 | 238,397 | 1291571,125478 | 239,461 | 2,365555
30000 | 286,537 | 1281257,332561 | 287,485 | 1,924260
35000 | 334,011 | 1280012,001253 | 335,497 | 1,622212
40000 | 382,275 | 1276521,884556 | 384,625 | 1,402485
45000 | 420,254 | 1273260,112543 | 431,755 | 1,235462
50000 | 482,460 | 1267521,001156 | 479,466 | 1,104210
55000 | 539,106 | 1265231,012546 | 526,251 | 0,998350
60000 | 588,012 | 1262543,112473 | 573,579 | 0,911163
65000 | 637,003 | 1252145,001254 | 670,067 | 0,838109
70000 | 687,168 | 1250015,953264 | 708,150 | 0,776 008
80000 | 785,822 | 1240008,875231 | 814,882 | 0,676 100
90000 | 882,865 | 1232457,210365 | 922,103 | 0,599241
100000 | 1032,974 | 1222140,120352 | 1000,121 | 0,538280

X Algorithm 3 Algorithm 4

Time (s) Estimate Time (s) | Estimate
10000 | 139,996 5232175 130,952 | 1,760732
15000 | 210,958 3,464 171 196,467 | 1,168329
20000 | 281,926 2,590491 262,126 | 0,875128
25000 | 349,203 2,069 540 327,275 | 0,700226
30000 | 420,262 1,723 586 393,057 | 0,583 960
35000 | 462,928 1,477132 459,710 | 0,501132
40000 | 523,621 1,292 649 527,592 | 0,439108
45000 | 589,625 1,149374 590,131 | 0,390942
50000 | 654,889 1,034 887 654,781 | 0,352438
55000 | 720,028 0,941303 720,073 | 0,320961
60000 | 785,231 0,863377 786,581 | 0,294 758
65000 | 850,083 0,797482 850,766 | 0,272585
70000 | 916,504 0,741019 917,232 | 0,253 598
80000 | 1046,380 0,649 352 1047,675 | 0,222758
90000 | 1177,368 0,578 108 1178,440 | 0,198 785
100000 | 1308,821 0,521 145 1310,018 | 0,179617

From the results presented in Table 1, we can see that the Universal Algorithm 4, as compared
to the other proposed Adaptive and Universal algorithms, gives the best quality of the solution, but
it needs more time to achieve the solution. Also, we can see that the required time of work of the
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Adaptive Algorithm 2, for £ = 100000 iterations, is lower than the time of work of other algorithms.
In addition, we note that the Adaptive Algorithm 1 gives the worst quality of the solution and it grows
very slowly with the growth in the number of iterations.

8. Conclusions

In this article, for the first time, we have proposed adaptive methods for a class of relatively
strongly convex and relatively Lipschitz-continuous problems. Moreover, some of these methods are
universal in the sense that they give optimal complexity estimates for both relatively smooth and
relatively Lipschitz-continuous problems. The use of adaptively selected parameters in convergence
rate estimates allows using the developed algorithms without a priori knowledge of information about
the smoothness properties of the problem (this information is important only for theoretical guarantees
of the optimal convergence rate on a selected class, it is not important for the practical application).
We have analyzed the results of the given numerical experiments and compared the effectiveness of
the proposed algorithms with each other.
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Appendix A. The proof of Theorem 1

Due to (7) we have

(V) Xy =) Vs Xy =) S L V&, x) = L VO, ) = L Vs )

and

L Vx, x) = L VX, x300) 2 VO, Xy =0 + L VX, %) =
= (Vs Xy = X + (V0 Xy = X0 + Ly Vg0 %) = V() Xy — X0,
(Vfx), Xy = 20 V), Xy = 20 + Ly Vs ) = (V). Xy = x) >

> (VGG Gy =20 = (VI 3y =50 = 5 = (V0 5= 0 = .
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Thus, the following inequality holds:

£
Vi), x, = x) S L [ V(x, x) = L V(x, X)) + 7
Combining this inequality with
(Vf(x), x—x) = fx) = f(0) + uV(x, xp),

we have from (2)

Fx) = FQ) + uV(x, x,) < L V(x, x) = Ly V(x x,,) + g

After simplifying and combining terms, we rewrite (34) in the following form:
e
L V(x, xip) < (L — V(X x) + f(x0) = f(x) + o VYx e Q.
Further, let us rewrite (35) for x = x, as
€
Lk+1v(x*, xk+1) < (Lk+1 - wVix,, xk) + f(x) - f(xk) + 5

By dividing both sides of inequality (36) by L, ,, we have

k+1°

1
VX, Xpp) < (1 - L) V0, x) + — (fe) - ) +

Lk+1 Lk+1 2L

k+1

Continuing inequality (37) recursively, we find that

e
2L

1
V(X Xpp) < (1 - L) V0, x) + — (fe) - ) +

Lk+1 Lk+1 k+1

)
<(1—L)((1—ﬂ)V(x*,xk D+ (f(x) FG4e) + 3 ) — (f(x) = fx) +
k+1

Lk+1 Lk
(1 - —) (1 - Lﬁ)((l - L)V(x*, Xy)+
k+l k 1

& 1 &
L (f0) - f ) + T ) I () = for ) + 2Lk)+

k—1 k—1
L (- £ <...<(1_L)((1_£)
k+1 (f(x ) f(Xk)) " 2Lk+1 Lk+1 Lk *
x((l - i)(((l . )V(x*, x) + —(f(x )= fl) + 5 )+

+Liz(f<x*>—f<x1))+2‘%2)+...) Li(ﬂx) Foa) + 5 ) m(f(x,,)- flap) +

Thus, we have

k+1 kﬁl (1 - LL) k+1

Vs 5 < ) | (fee) = fap + 5) |+ (1 - Lﬁ) V(x,. xg).

i=1 i n=1 n
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which implies

N
N Hl( ) N
V(x,, xy) < )| == (f(x )= [l )+ ) + ]—[( )V(x*, Xo)- (38)
i=1 l n=
Lety, = X vy where j(N) = arg mln f(xk) Using (38), we get
N
v w | I (-1)
l—[(l——)V(x x9) > ) [ () — £ = 5) [+ Vi 1)
n=1 v i=1 Li = ’ 2 o
Taking into account that V(x,, x,) > 0 and f(y,) < f(x,) Yk =0, ..., N — 1, we obtain
N
v v | I (1) .
V(x., xp) > ) | = ———(f_) ~ fx) - 5| >
L Y e
N N
N nlll( ) an:Igrl(l_Li”)
> Zl] T (fom) = Fa) |- 5 Zl T
Dividing both sides of the last inequality by
N
)

N
2T
1

i=1

we have N
m(-) ,
f(yN)_f(x*) < N V(X*, x0)+ 5
A
Z n=t L

Il
—

Let us consider the first case, L, > u. Since

[1(-2)>11(-2]

n=

and N
N H( £)

n=i+1 1

25

i=1

the following inequality holds:
1 £
) e+ 5 (9)

N
Fow) = foe) < mind{ Ly | | (1 L
n=1 n

™M=
h|.—

i i
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Also, since f(x,) < f(x,), using (38), we get

In the opposite case, if Ly, < y, then from inequality (37) with k + 1 = N we get

£
Vix,, xy) < =—.
2L,

(40)

(41)

Further, from inequality (34) for x = x,, k = N and taking into account that f(y,) < f(x,), we obtain

FOn) = flx) <

N M

(42)

The right-hand sides of the last two inequalities (42) and (41) can be bounded by the right-hand sides

of inequalities (39) and (40).

The proof of the estimate for the number of iterations of Algorithm 1 is equivalent to the proof

of Theorem 2 given in Appendix B.

Appendix B. The proof of Theorem 2

For each k > 0, we have
(Vf(x), x, = x) S L [ V(x, x) = Ly V(x, X)) + 63y
Combining this inequality with
(VI % —x) = fOx) = f(0) + uV(x, xp),

we have
) = f) +uVix, x) <L V(x, x) =L | V(x, x3,0) + 64,

After simplifying and combining terms, we rewrite (43) in the following form:
L V(x, x4 < (LkJrl —,u) V(x, x) + f(x) = f(x) +6,,; Yx€OQ.
Further, let us rewrite (44) for x = x,

Let us divide both sides of the last inequality by L,

1 o
V(x,. X, )<(1—L)V(x*,x>+— £ = flxy) + =L
i Lk+1 g Lk+1 ( g ) Lk+1
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Continuing inequality (45) recursively, we find that

0
Vix,, xk+l)<(1_L“ )V(x*, xk)+L (f(x) f(xk)) kel o
k+1 k+1 k+1
1 Opr1
<|1- - —]|Vix, x )+ Fx) = -y ) fx) = flxp) + <
( Lk+1)(( Lk) =l ( “ ) k Lk+1 ( k) Lk+1
] s
k+1
k+1 1 6k
— (fCr) = fl ) + )+ — (fe) = flxp) + —)+
k-1 a) L
0 - fx) + et <...<(1— )(( —ﬁ)
k+1( 3 xk) Lk+1 k+1 L
x((l - LL)( ((1 - Lﬁ)V(x Xp) + —(f(x )= f(xp) + —)
k-1 1
2 1 5k+1
+—(f(x )= flxp) + L—) ) to () = flp) + L_k) tI (fCr) = Fx0) + "
Thus, we have
k+1
k1 _Hl (1 - Li) k1 p
Vx5 < )| (f) = fap +8) | +] | (1 - L—) V(x., %),
i=1 i n=1 n
which implies
N
N _Hl (1 - Lﬁ) N
V(x,, xy) < Z "_H# (f(x )= flx,_ )+ (5 + l—[ (1 - —) V(x,, xp). (46)
i=1 [ n=1
Lety, = X iy where j(N) = arg m1n f(xk) From (46) we get
N
v v _F{l(l -t)
]1( n)V(x X)) > Z:‘ = T (fri) = ) = 8,) |+ V(x,. xy).
Taking into account that V(x,, x,) > 0 and f(y,) < f(x,) Yk =0, ..., N — 1, we obtain
N
v W[ 1 0-2)
]‘!(1 - L_,,)V(x*’ e Zl T(f(xi_l)—f(x*)—éi) >
N
s 11 (

basitt

N
I (1- ) N
- (Fom) - fa) |- > = ——

N
DN
1 i=1

i=1
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462
Dividing both sides of the last inequality by
N
= nlzT 1 ( ) 1
—_— t
i=1 i LN
we have
5 11 (1-£)
( *9 xo) /J 1 N in=i+1 - L_”
f(yN)_f(x) S—H(I_L_n)JrSTZ 7
N n=1 N i=1 i
Let us consider the first case, L, > u. Since

K U K H

I 1-—

H0-2)=11-2)

and N
v 1 | ( n) 1

Z n=i+ > —.

i=1 i LN
the following inequality holds:
1 v 0 n111 ( L”)
fow) = fx) < Ly ﬂ( )V(x*, Wt 21] — 47)
Also, since f(x,) < f(x;) and using (46), we get
(48)

v o, 11 (1- )
Vix, x) <) + T ]—[ (1 - —) V(x., x,)-

i=1
Let us prove an estimate for the number of iterations of the algorithm. Due to (13), we have

N
N(l—:—N) V(x*, xo) (l—g) R’<e¢

if
— log

log —&- 2
0g LR N (LN LR )
u

N=—F"—
-~

log (1 I, )

2L O( 2) we obtain the following estimate of the number of iterations

Assuming L, <

N=0 (ZI—: log ! )
O
REMARK 3. If L <y, from inequality (45), with k + 1 = N we get
V(x,, xy) < 0y (49)
Further, from inequality (43), for x = x,, k = N, and taking into account that f(y,) < f(x,), we obtain
JOn) = f(x,) <oy (50)

The right-hand sides of the last two inequalities (50) and (49) can be bounded by the right-hand sides of

inequalities (47) and (48).
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Appendix C. The proof of Theorem 3
After the completion of the kth iteration (k = 0, 1, ...) of Algorithm 3, the following inequalities
Ly V¥, X ) = Ly Vg %),

hold:
VI (xR, X — %0 <(Vf(xp), x—x) + L VX, xp) —
and
(Vs X = X0 2 fOo) = FO0) = L VX ps %) = 6.
Therefore,
(Vf(xk), X = xk> + Lk+1 V(x, xk) -

J ) = f) = Ly Vx> %) =
=L VX X)) = Ly Vs %)

Thus, for each k£ > 0, we have

(Vf(xp), x = x) < f) = flo ) + L Vx, x) = L VX, X, ) + 6y

Combining this inequality with
<Vf(xk)9 X — x) > f(xk) = f(X) +uVix, xk)9
we have
fO) = f) +uVix, x) < f(x) = () + L VX, x) =L VX, X)) + 04, 51)
After simplifying and combining terms, we rewrite (51) in the following form
L\ V(x, xip ) S (L —V(x, x) + f(0) = f(x,) +0,,, YxeQ. (52)
Further, let us rewrite (52) for x = x
Lk+1V(x*9 xk+1) < (Lk+1 -wV(x,, xk) + f(x) - f(xk+1) + 6k+1- (53)
Dividing both sides of (53) by L, |, we find:
V(x,. x,,) < (1 - LL) V(xx) + — (f(x )= f) + Sert (54)
k+1 k+1 k+1
Continuing inequality (54) recursively, we obtain
- 6k+1
Vi ) < (1= 2= |V x) + £ e FOpa) + 7 <
k+1 k 1 Lyt
M ( ) 5_) ey - Ot
<1 = —|V(x.,x )+ Fx) = flxe)) + Fx) = flg,)) + <
( Lk+1)( L “ ( k) L L ( kl) Ly
7 U
R
( L Ly L, 2
Ops1 Ok
— () = fonp) + 7 )+ — () - Foe) + —) +
k k-1 k
1 Rl ()
+—(f(x) = [, )) + <. 1- X
L ( o ) Lk+1 k+1 k
M M 1
x((l - L—)( ((1 - L_l) V(x,, xo) + L_1 (fx) = fG) + L—ll)+
D) 1 Oy 1 Ops1
+— (f) = fa) + 2 )+ + = (F0r) = fp) + 2 |+ — (£ = Fx,p) + =25
L Lk Lk Lk+1 k+1

2
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Thus, we have

k+1

k+1 H (1 - Lﬁ)

} N k+1
VO ) < 3| (f) = f +5) [+ | ] (1 - Li) V(x,, x),

i=1 i n=1
which implies
N _Hl (1 - L—) N
Vix, ) < ) % (fx) - flx) +6,) |+ ]—[( )V(x*, xp)-

i=1 i

Lety, = X vy where j(N) = arg kzlll’lfl.l,N Sf(x,). From (55) we get

N ”
]—[( )V(x*, x) > [ () = f0) = 8;) [+ V(x xy).

Taking into account that V(x,, xy) > 0 and f(y,) < f(x,) Yk =1, ..., N, we obtain
N
I1(1-4£)

N N . n
1—[ ( ) V(x,, x,) > Z % (f(xi) - f(x) - 51') >

n=

N N
[1 6, 11
i+1 i

w | I (1-£)
Zn

i=1 l i=1

Dividing both sides of the last inequality by

we have

V(x,, x)
o) = ) < =2 ] 1 £+
SN n=1
Let us consider the first case, L, > u. Since

[1(-2)>11(-2)

n=

and N
1 (1- ,,>

N
Z n=i+1

=1 l

1
LN’
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AJanTUBHBIE METO/IBI TIEPBOTO MOPSAJKA I OTHOCHTEIBHO . . . 465

the following inequality holds:

N
N L 1 N 6i _I_Il(l B Lin)
fom -y <Ly| ] (1 - L—) O D (56)
n=1 n N i=1 i

Also, since f(x,) < f(x;) and using (55), we get

N
N 9 H1 I_L%) N U
1% <)y “/ 1- S\ vix,, x,). 57
(-x*’ -xN) Z L +1l:1[( Ln) (-x* -x()) ( )

i=1 i

Let us prove an estimate for the number of iterations of the algorithm considered. Due to (17),
we have

N N
H H 2
LN(I—E) V(.x*, xO)gLN(l_E) R <¢

if
N =

log —&- 2
0g LR N (LN LR )
) 2

— log
.
log (1 I
Assuming Ly, < 2L =0 (MTZ), we obtain the following estimate of the number of iterations:

M* 1
N = 0(— log —).
&

ue
O
REMARK 4. If L, < u, from inequality (54), with k + 1 = N, we get
V(x,, xy) < Oy. (58)

Further, from inequality (51), for x = x,, kK + 1 = N, and taking into account that f(y,) < f(x,), we obtain

JOn) = f(x,) < by (39)

The right-hand sides of the last two inequalities (59) and (58) can be bounded by the right-hand sides of
inequalities (56) and (57).

Appendix D. The proof of Theorem 4

After the completion of the kth iteration (k = 0, 1, ...) of Algorithm 4, the following inequalities
hold:

(Vs X = 20 <KV, x =20 + L (VX ) = L VO, X)) = L Vs X

and
3
(Vs Xy = 20 2 f) = FO5) = Ly Vs %) = Zs

Therefore,
3¢
f(xk+1) - f(xk) - Lk+1V(xk+1’ xk) - Z < <Vf(xk), X = xk> + Lk+1V(x, xk) -
=Ly VO X 1) = Ly Vs %)
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Thus, for each k£ > 0, we have
(VIix), x, = x) < f(x) = fOo, )+ L Vx, x) = L, [ Vix, x, ) + 34—8
Combining this inequality with
(Vf(x), %= x) > f(x) = f(0) + uV(x, xp),

we have

3
fCo) = f)+uVix, x) < f(x) = fOq, ) + L Ve, x) — L VX, x, ) + Zs

After simplifying and combining terms, we rewrite (60) in the following form:

3
L VO 3,) < (Ligy = 1) VOr ) + £(0) = fx, ) + Zg Vx € Q.

Further, let us rewrite (61) for x = x, as

3e
Ly V(xe, x0) < (L — V(X x) + f(x,) = flxg, )+ y

By dividing both sides of inequality (62) by L, ,, we have

u 1 3e
V(x,, xp41) < (1 — —) V(x,, x) + — | f(x,) = fx, )+ —.
! Lk+1 Lk+1 ( ! ) 4'Lk+1

Continuing inequality (63) recursively, we obtain

3e
V(x*,x+)<( )V(x*,x)+—f(x) SOp)
ah Lk+1 ¢ k+1 ( ah ) 4'Lk+1

U U
<(1_K)((1 L)V(x*,xk DF (f(x) Fap)+ 5 ) m(f(x*>—f(xk+1>)+

k

H H H
<1 |{{1=E)1- )V, x,_)+
( L,m)(( Al L,H) .

1 1 3
L— (£ = o) + 5 )+ I () = £Ox)) + é) +
38 )7 )7
() = F(y) <. .<(1——)((1——)x
Lk+1 (f ) f M ) 4'Lk+1 Lk+1 Lk
u u 1 3e
x((l - Z)( ((1 - L_l) V(x,, x,) + L_1 () = fxp) + E)+

2
Thus, we have

k+1 kﬁ (1 - i) k+1

n=i+ Ln 3
Vi v < | =H—— (f(x*) ~f f) o] (1 - Lﬁ) Vi, %),

=1 i
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1 3e 1 3e 1
= (f@) = fay) + @) .. ) o (fex) = flxp) + 4_Lk) fr (fCr) = fl ) +

(60)

(61)

(62)

(63)

3e

4L

k+1

3e

4L

k+1
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which implies

N
N _Hl (1 - Lﬁ) N

V(x,, xy) < Z Mf (f(x )— f(x) + —) + l—[( )V(x*, Xg)- (64)
i=1 i n= L,

Letyy = X iy where j(N) = arg k=IiI}iEN f(x,). Using (64), we get

v o[ 1 0-£) .
n=i+
H (1 - L—n) V(x,, %) > Zl A (f(x,-) - fx) - Z) + V(x,, xy).
Taking into account that V(x,, xy) > 0 and f(y,) < f(x,) Vk =1, ..., N, we obtain
N
v w | I (-4
- |Vix,, x) >y | == ((x) (x,) )
][ g vees o 2 == {5
N N
o[ fi0- Lo fLo-p)
n=i+ n=i+
> LT o Se) =
Dividing both sides of the last inequality by
N
ﬁ: n1:[1( )
i=1 l
we have
N A
ngl (1 B L_n) 3e
f(yN)_f(x*) < N V(X*, x0)+ I
% n=l—1i+l I_LL"
i=1 L
Let us consider the first case, L, > u.
Since
N U N H
1-—]> 1-—
[10-2)= 1102
and N
N l_ll(l a fn) 1
Z n=i+ >
i=1 L, Ly
the following inequality holds:
f@)—f(x)<minLﬁ1—ﬁ L Uy )+ 238 (65)
N v N =1 L) N AR
n= ;1 L_
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Also, since f(x,) < f(x,), using (64), we get

N

3e N .I(I_L%) N u
1% <=y = 4 1 - =\ Vix,, x,). 66
(X 2y) € 7 Zl 3 H( Ln) (x., Xo) (66)

In the opposite case, if Ly, < u, then from inequality (63) with k + 1 = N we get

3e
4L,

V(x,, xy) < (67)
Further, from inequality (60) for x = x,, k+ 1 = N and taking into account that f(y,) < f(x), we

obtain 3

&

Fon) = fx) < - (68)

The right-hand sides of the last two inequalities (68) and (67) can be bounded by the right-hand sides
of inequalities (65) and (66).

The proof of the estimate for the number of iterations of the algorithm is equivalent to the proof

of Theorem 3 given in Appendix C. |

Appendix E. The proof of Theorem 5

After the completion of the kth iteration (k = 0, 1, ...) of Algorithm 5, the following inequalities
hold:

(85C)s Xy = X <€8s(xp)y X = x) + Ly | VX, X)) = Ly VX, X ) = Ly VX g %),

and
(85C0)s Xy = X 2 fs(py) = Jo(0) = Lt Vg1 X% = -
Since
J) < fo(0) +6 = fo(x) > f(x) -6 VYxeQ,
we obtain
8s(X)s Xpy = %) = fppy) = f5(0) = Ly i Vxgp g Xp) = 6 = Oy
Therefore,

J ) = 500 = Lyt Vx> %) =6 = 6y <€85(x), X = x) + Ly VX, xp) =
=L VO X)) = Ly VX X0)-

Thus, for each k£ > 0, we have
(€5(xp), X, —x) < f5(x) — [ ) + Ly V(X x) = Ly | V(X X)) + 6+ 65 (69)
Taking into account the inequality
(85(x)s x = xp) > f5(x) — f(0) + uV(x, xp)
for x = x, we obtain

SO ) —f(x) <L V(x,, x) =L | V(x,, X, ) —uV(x,, ;) + 6+ 04 (70)
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After simplifying and combining terms, we rewrite (70) in the following form:

L V(x,, i) < Ly —V(x,, x) + f(x,) = f(x0) +0+0;,,. (71)
Let us divide both sides of the last inequality by L, |
V(x,. x,,) < (1 - L) V(x,, x,) + L (fGx) = FOru) + O, (72)
Lk+1 Lk+1 Lk+1
If L, ,, <p, from inequality (72) we get
V(x,, Xp0) SO+0,,,. (73)
Further, from inequality (70) we obtain
fx ) = f(x,) <O +06;,,- (74)
Therefore, we consider the case L, ,, > u. Continuing inequality (72) recursively, we obtain
0+0
V(x,, x,) < (1 - LL) Ve, )+ (f(x )= flag ) + ——L <
k+1 k+1
0, +0
1——)((—i) c5) + 7 (00D = ) )+
( Liy L, ! ( ¢ ) L,
1 Ope1 T0
— (f) = fxyp) <
L ( e ) Lk+1
H K
-
i (f(x )= fl_p)) + "“ )+ I WESEFIEN) +2 )
1 et -8
Fe) = fOgy) —< 1—— 1-—
( a ) Lk+1 k+1 L
01+
x((l ) ((1 - Lﬂ) V(x,. xg) + — (f(x ) - fla) + 27 )
1 L,
1 0 1 0, +6
L (f(x ) - f(x, >) L2 )+ . ) o (fCr) = Fx0) + )
0., +0
— (fCx) - f(xk+1)) .
k+1 k+1
Thus, we have
k+1
k1 —H1(1 - Lﬁ) k1 4
V(x,, X,,) < Z "‘”f (f(x*) - flx)+6;+ 5) + l—[ (1 - L—) V(x,, xp),
i=1 i =1 n
which implies
N
w | 11 (1-1)
) V(x,, xp). (75)

n

} N
Vix, x) < ) %(f(x) f(x) +6,+90) +]—[(
n=1

i=1 1
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Lety, = X iy where j(N) = arg k=IiI}iEN Sf(x,). From (75) we get
N
w | 11 (1-£)

N ] L,
]_[( )V(x*, x0) > )| () — () = 6, = 8) | + V(x.. xy).

i=1 i

Taking into account that V(x,, x,) > 0 and f(y,) < f(x,), we obtain

N N H - Li)
n(l—Lﬁ)V(x*,xo)>Z %(f(x) f(x) =6, - )
n=1 n i=1 i
o -2) v T (-8) w6 11(-4)
> ) | (fom — f) [ 6 ) T )
i=1 4 i=1 l i=1 4
Dividing both sides of the last inequality by
al u
i~ = nzlg—l (1 } L_n) 1
SN = . Ll + E,
we have
N N
n-£) | w6l (-£)
Vi(x,, x) M 5 N st Ln 1 " =i+l Ly
f(yN) f(x) —SNO g(l—L—n)‘Fi; i Li +§; +Ll
Since
N N
H-2)-110-2)
n=i n n=1 n
and N
v 11 (1-1)
n=i+1 " 1
the following inequality holds:
s oo I (-£) | o I (1-£)
SOy = f(x) < N]_[ (1 - —)V(x*, Xy) + = 5 Z % + = Z % (76)
N i=1 i N =1 i

Also, since f(x,) < f(x;) and using (75), we get

MH( i (1—%)

V(x., xy) < Y ——— Ak +5Z neirl + ]—[(1 - —)V(x*, Xy). (77)

i=1

The right-hand sides of the last two inequalities (74) and (73) can be bounded by the right-hand
sides of inequalities (76) and (77). |
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Appendix F. The proof of Theorem 6

First of all, we need to prove the following lemma.

Lemma 1. Let f and g be relatively strongly convex functions, and let y be an &-solution

fO-fx)<e g <e

of the problem (26)—(27). Then uV(y, x,) < &.

It is well known that, due to the necessary optimality condition, there exist constants nonzero
at the same time, 4,, 4, > 0 and subgradients Vf(x,), Vg(x,) such that the following inequality takes
place:

4, Vf(x,)+A,Vg(x,), x—x,)>0¥xe Q, and A,g(x,)=0. (78)

Let us consider all possible cases of 4,, 4, in (78)

1. 4, =0, 4, > 0. According to (78), we have (Vg(x,), x—x,) > 0 Vx € O, so (Vg(x,), y—x,) > 0.
Recall that g(x,) = 0. Therefore,

8O = g(x,) +(Vg(x,), y = x) + uV(x,, y) > uV(x,, y).
As y is an g-solution of the problem, we get g(y) < &, which confirms the statement of the lemma.

2. 4, >0, 4, = 0. Similarly, according to (78), we have (Vf(x,), x—x,) > 0Vx € O, so(Vf(x,), y—
—x,) = 0. Therefore,

JO = fx) +(Vf(x), y = x) +uV(x,, y) = fx,) +uVix,, y).
As y is an g-solution of the problem, we find that f(y) — f(x,) < &, so

uVix,, y) <e.

3. 4, >0, A4, > 0. For this case we have

So, either (Vf(x,), x—x,) > 0 ¥Yx € Q and the proof is similar to item 2, or (Vg(x,), x—x,) =0
and the proof is identical to item 1. Thus, the lemma is proved.

Let us now prove the statement of Theorem 6. Using induction let us show that Vp € N:
V(x,, x,) < Rf,.

First of all, according to the assumption, we have V(x,, x,) < Ré. Now, let us assume that for
some p >0 V(x,, x,) < R%,. Using the theorem concerning the rate of convergence of Algorithm 6, one
can find that after no more than

QM°R;,
k. =1+ 5
8p+l

iterations, for the corresponding x ., the following inequalities hold:
p+1

f(xp+1) - f(x*) < 8p+19 and g(xp+1) < 8p+1'

Recall that M = max{M P M,}. According to Lemma (1), for the £, .1-Solution, the following inequality

holds: e
p+l 2
= Rp+1 .

V(xp+1, x,) <

2022, T. 14, Ne 2, C. 445-472




472 O.C. CaBuyk, A. A. Turos, ©. C. Crouskun, M. C. Ankyca

Thus, we have proved that
V(x,, x,) <R, VpeN.
Note that at the same time
f(x,) = f(x) S &, = uR}, = pRG - 277,

and
g(x,) <&, = ,uR2 = ,uR2 -27P,

Thus, for p > log2 —, the pomt x, will be an &-solution of the problem and V(x,,, x,) < /%
Let us denote p = log2 —. The total number of iterations of Algorithm 7 will be
N:ikp i 1+ Mij]gzp:(l+QAj;f%’]<
p=0 p=0 €p =0 MoK
<Zﬁ:(1 QMzzP]<§+ QMzzF:ﬁ+ QM>uR§ 5 am? o am’
= H*R3 H*R3 ep*RY — 201°R; ue ue
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